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Abstract. We introduce new ideas to treat the problem of connectiv-
ity of wavelets. We develop a method which produces intermediate paths
of Tight Frame Wavelets (TFW). Using this method we prove that a large
class of TFW-s, with only mild conditions on their spectrum, are arcwise
connected.
1. Introduction
In the theory of wavelets some prominence has been given to the question
of connectivity. The significance of the question (as well as the realization
that it is probably not an easy question) has been further emphasized in [1].
As far as we know the general question still remains open, despite strong
results given in [8, 2, 7]. Following the development of tight frame wavelets
in [4], the question is naturally extended to this larger class of wavelets. The
main contribution of this article is to this extended question on connectivity.
We develop a new technique here, particularly suitable for the set of tight
frame wavelets. As a consequence we prove the connectivity of a very large
class of tight frame wavelets. And, although we do not resolve the question
completely, we hope to convince the reader that we are “almost there”. Let
us now be more precise; in the rest of this introduction, we shall explain the
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necessary notions, and describe the current state of affairs and the nature of
our contribution.
Following [4], we shall say that a function ψ ∈ L2(R) is a tight frame
wavelet (TFW) if the collection of dyadic dilates and integer translates given
by
(1.1) {ψj,k(x) = 2j/2 ψ(2jx− k) : j ∈ Z, k ∈ Z}






〈f, ψj,k〉ψj,k = f ,
unconditionally in L2(R). If we require more, that is, that the system
{ψj,k(x)} is an orthonormal basis for L2(R), then we shall say that ψ is
an orthonormal wavelet. It turns out (see [3], Chapter 7) that (1.2) is




|ψ̂(2jξ)|2 = 1 for a. e. ξ ∈ R,
and
(1.4) tq(ξ, ψ) =
∞∑
j=0
ψ̂(2jξ) ψ̂(2j(ξ + 2qπ)) = 0 for a. e. ξ ∈ R,
and all q ∈ 2Z + 1.
An easy consequence is that the set of all TFW-s is a subset of the unit
ball in L2(R), that is, for every ψ ∈ TFW we have ||ψ||2 ≤ 1. Moreover, a
function ψ ∈ L2(R) is an orthonormal wavelet if and only if ψ is a TFW and
||ψ||2 = 1 (see [3], Chapter 7).
As we already mentioned, two interesting open questions developed. Is
the set of all orthonormal wavelets (a subset of the unit sphere in L2(R))
connected in the L2(R) metric? Is the set of all TFW-s (a subset of the
unit ball in L2(R)) connected in the L2(R) metric? In this article we are
primarily concerned with the second question. Regarding the first question,
let us mention only two strong results in a positive direction. It is shown in [8]
that the set of MRA orthonormal wavelets is connected in the L2(R) metric.
Secondly, D. Speegle has shown in [7] that the set of Minimally Supported
Frequency (MSF) wavelets (orthonormal wavelets of the form ψ = (χK )̌ ) is
also connected in the L2(R) metric.
Until now less has been achieved for the set of TFW-s. D. Speegle’s idea
has been succesfully transformed into the setting of TFW-s (see [5]). On the
other hand, the ideas from [8] provided only partial results for TFW-s (see
section 4 in [4] for details).
In this article we provide a completely new set of ideas to treat the sec-
ond question mentioned above. They are specifically tailored for TFW-s and
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although we do not resolve the question completely, we establish the strongest
results to date in the positive direction. More precisely, we prove that the set
Kτ ∪Kd is arcwise connected in L2(R). The first set Kτ consists of all TFW-s





∣∣∣supp ψ̂ ∩ (2nπ − ε , 2nπ + ε)
∣∣∣ <∞ ,
where |A| denotes the Lebesgue measure of a set A ⊂ R. In this paper we let
supp ψ̂ = {ξ ∈ R : ψ̂(ξ) 6= 0}, a set which is uniquely defined, up to a null set.





(supp ψ̂ ∩ 2nJε0 )
∣∣∣∣ = 0
where Jε0 = (−ε,− ε2 ] ∪ [ ε2 , ε). Observe that both sets contain all TFW-s
which are band-limited, that is, those TFW-s ψ for which supp ψ̂ is bounded.
Furthermore, we show that the entire path that we construct remains within
Kτ (respectively, Kd) if the end points are from Kτ (respectively, Kd). We
shall start by explaining basic ideas in Section 2. The construction of the path
is given in Section 3 and the connectivity of the sets Kτ and Kd is treated in
Sections 4 and 5 respectively.
2. The basic ideas
It is easy to see from (1.3) and (1.4) that if 0 < ε ≤ π the function
ψε ∈ L2(R) given by ψ̂ε = χJε0 , where Jε0 = (−ε,− ε2 ] ∪ [ ε2 , ε), is a tight
frame wavelet. To prove connectivity inside TFW it is enough to join a given
ψ ∈ TFW with ψε by a continuous arc inside TFW. The idea is to move
points from K = supp ψ̂ into (−ε, ε) in such a way that (1.3) and (1.4) are
preserved. Related to (1.3) we will often make use of the power set [A] of a
measurable set A ⊂ R which is defined as




Related to (1.4) we shall consider the “periodized” sets
⋃
n∈Z,n6=0(A + 2nπ)








Observe that the term n = 0 is not considered in τK(A). The interplay
between dilations and translations that appears in (1.4) makes the problem
of connectivity a difficult one.
We start by proving two results that contain the basic ideas. The first
one shows how to modify a TFW to obtain a new one, which will be used to
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build the arc needed for connectivity. Given a set E ⊂ R of finite measure
and a function ψ we define a new function ψE by
(2.3) ψ̂E(ξ) =
{
ψ̂(ξ) if ξ ∈ R \ [E]
χE(ξ) if ξ ∈ [E]
The next proposition gives sufficient conditions on E to show that ψE is a
TFW when ψ is also a TFW.
Proposition 2.1. Let ψ be a TFW. Suppose that E is a measurable




jξ) ≤ 1 for a.e ξ ∈ R ,
ii) ∑
k∈Z








 ∩ (supp ψ̂) ⊂ [E] .
Then, the function ψE defined by (2.3) is again a TFW.





|ψ̂E(2jξ)|2 = 1 for a. e. ξ ∈ R,
and




jξ) ψ̂E(2j(ξ + 2qπ)) = 0 for a. e. ξ ∈ R,
and all q ∈ 2Z + 1, using (1.3) and (1.4), and the properties of E.
If ξ /∈ [E], 2jξ /∈ [E] for any j ∈ Z by the definition of the power set.






|ψ̂(2jξ)|2 = 1 for a. e. ξ /∈ [E]
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If ξ ∈ [E], ξ = 2−j0η for some j0 ∈ Z and η ∈ E. Thus,∑
j∈Z
χE(2
jξ) ≥ χE(2j0ξ) = χE(η) = 1 .




jξ) = 1 for a. e. ξ ∈ [E]
This proves (2.4).
We need to prove (2.5). To do this suppose, first, that ξ ∈ [E]. Then,
there exists m ∈ Z such that 2mξ ∈ E. We consider first the case m < 0.
In this case, if j = 0, 1, 2, . . . , ψ̂E(2
jξ) = χE(2
jξ) = δm,j = 0, which gives
tq(ξ, ψE) = 0.





jξ) ψ̂E(2j(ξ + 2qπ)) = ψ̂E(2mξ + 2m+1qπ) .
The element η = 2mξ + 2m+1qπ ∈ ⋃k∈Z, k 6=0(E + 2kπ) since q 6= 0. Observe
that η /∈ E since ii) implies that the sets E + 2kπ, k ∈ Z, are disjoint. If
η ∈ [E] we have ψ̂E(η) = χE(η) = 0, obtaining tq(ξ, ψE) = 0. If η /∈ [E]
it does not belong to supp ψ̂ by iii); hence in this case ψ̂E(η) = ψ̂(η) = 0,
obtaining, again, tq(ξ, ψE) = 0.
Finally, we must take care of the case ξ /∈ [E]. Given q odd, assume first
that ξ + 2qπ /∈ [E]. Then,
ψ̂E(2
jξ) = ψ̂(2jξ) and ψ̂E(2
j(ξ + 2qπ)) = ψ̂(2j(ξ + 2qπ))
for all j ∈ Z. Hence, by (1.4), tq(ξ, ψE) = tq(ξ, ψ) = 0.
If ξ + 2qπ = ξ′ ∈ [E], using the equality
(2.6) tq(ξ, ψ) =
∞∑
j=0
ψ̂(2j(ξ′ − 2qπ))ψ̂(2jξ′) = t−q(ξ′, ψ) ,
we obtain tq(ξ, ψE) = t−q(ξ′, ψE) = 0 since now we have ξ′ = ξ + 2qπ ∈ [E]
and we have shown above that in this case t−q(ξ′, ψE) = 0 for all q odd. This
finishes the proof of the Proposition.
Our second result establishes sufficient conditions to prove the continuity,
in the L2(R) norm, of paths of the form {ψEt : 0 ≤ t ≤ 1}, where each ψEt is
defined as in (2.3)
Proposition 2.2. Let {Et : 0 ≤ t ≤ 1} be a collection of measurable sets




|Et4Et′ | = 0,




|Ẽt4Ẽt′ | = 0 ,
where for a set A we define Ã = [A] ∩ Jε0 .
Then, if ψ ∈ L2(R) and ψEt is defined by (2.3) with E replaced by Et, the





|ψ̂Et(ξ)− ψ̂Et′ (ξ)|2 dξ = 0 .
Proof. We have∫
R
|ψ̂Et(ξ)− ψ̂Et′ (ξ)|2 dξ =
∫
[Et]∩[Et′ ]








|ψ̂Et(ξ)− ψ̂Et′ (ξ)|2 dξ(2.8)
For the first integral in (2.8) we have
[Et] ∩ [Et′ ] = (Et ∩Et′) ∪ {([Et] ∩ [Et′ ]) ∩ ((Et \Et′) ∪ (Et′ \Et))}
∪ {([Et] ∩ [Et′ ]) \ (Et ∪ Et′)}
with disjoint union. Thus,∫
[Et]∩[Et′ ]
|ψ̂Et(ξ)− ψ̂Et′ (ξ)|2 dξ
= |([Et] ∩ [Et′ ]) ∩ ((Et \Et′) ∪ (Et′ \Et))| ≤ |Et4Et′ | .
(2.9)
For the second integral in (2.8) we have
[Et]4[Et′ ] = ([Et] \ [Et′ ]) ∪ ([Et′ ] \ [Et]) .
Since |ψ̂Et(ξ) − ψ̂Et′ (ξ)|2 ≤ 2(|ψ̂Et(ξ)|2 + |ψ̂Et′ (ξ)|2) we deduce
∫
[Et]4[Et′ ]
|ψ̂Et(ξ)− ψ̂Et′ (ξ)|2 dξ ≤ 2
∫
[Et]\[Et′ ]








|ψ̂(ξ)|2 dξ + 2|Et \Et′ |
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The last integral in (2.8) is zero since for ξ ∈ R \ ([Et] ∪ [Et′ ]) we have















|ψ̂(ξ)|2 dξ = 0 .
Since for a set A we have [A] = [Ã] =
⋃
l∈Z 2
lÃ with disjoint union, we obtain
[Et]4[Et′ ] = [Ẽt]4[Ẽt′ ] =
⋃
l∈Z
















where we have made the change of variables ξ = 2ju and used [A] = ∪j∈Z2jA.
We observe that the function G(u) =
∑
j∈Z 2







|ψ̂(ξ)|2 dξ). Hypothesis ii) and an application of the
Lebesgue dominated convergence theorem give (2.12) (see exercise 1.12 or
Theorem 6.11 in [6]). This finishes the proof of Proposition 2.2.
Remark 2.3. The example Em = 2
−mJε0 , m ∈ N, and E = ∅ shows
that limm→∞ |Em4E| = limm→∞ |Em| = 0, while limm→∞ |Ẽm4Ẽ| =
limm→∞ |Ẽm| = limm→∞ |J̃ε0 | = ε. This shows that i) does not imply ii) of
Proposition 2.2. On the other hand, if Em = 2
−mJε0 , m ∈ N, and E = Jε0 we
have limm→∞ |Ẽm4Ẽ| = 0, while limm→∞ |Em4E| = limm→∞(|Em|+|E|) =
limm→∞(2−mε + ε) = ε . This shows that ii) does not imply i) of Proposi-
tion 2.2.
To finish this section we present a result that follows easily from Propo-
sitions 2.1 and 2.2. This is the type of result that will be extended to more
general settings in the sections to come.
Corollary 2.4. Let ψ ∈ TFW with K = supp ψ̂ and suppose that there
exists ε ∈ (0, π) such that
(2.13) K ∩ (2kπ + (−ε, ε)) = ∅ for all k ∈ Z \ {0}.
Then, there is a continuous path {ψt : 0 ≤ t ≤ 1} ⊂ TFW such that ψ0 = ψ
and ψ1 = ψ
ε in L2(R), where ψ̂ε = χJε0 .
82 G. GARRIGÓS, E. HERNÁNDEZ, H. ŠIKIĆ, F. SORIA, G. WEISS AND E. WILSON
Proof. Let Et = (− ε2 (1 + t),− ε2 ] ∪ [ ε2 , ε2 (1 + t)), 0 ≤ t ≤ 1, and define
ψt = ψEt (see (2.3)). It is clear that ψ0 = ψ and ψ1 = ψε. The continuity of
the path follows from Proposition 2.2 since |Ẽt4Ẽt′ | = |Et4Et′ | = ε|t− t′| →
0 as t→ t′. To prove that each ψt is a TFW apply Proposition 2.1 to E = Et
(notice that iii) follows from (2.13)).
3. Dynamics of the construction
We show in this section how to obtain measurable sets E that satisfy the
hypotheses of Proposition 2.1. For 0 < ε ≤ π let J ε0 = (−ε,− ε2 ] ∪ [ ε2 , ε) and
define
JεN = 2
−NJε0 , N = 1, 2, 3, . . . .
Recall that for a measurable set A ⊂ R the power set of A is defined by




(as in (2.1)). Let K ⊂ R be a fixed, measurable set; recall that for a set








(as in (2.2)). Given a measurable set I ⊂ J ε0 , define I0 = I , I1 = ([τKI0] \















(3.4) [IN+1] = [τKIN ] \
N⋃
j=0
[Ij ] , N = 0, 1, 2, . . . .
Hence, the sets [IN ], N = 0, 1, 2, . . . , are all mutually disjoint. Moreover, from
(A1) in Appendix we deduce:
(3.5) [EI ] =
∞⋃
N=0
[IN ] (disjoint union).
Lemma 3.1. If I is a measurable subset of J ε0 , 0 < ε ≤ π, the set EI
defined by (3.3) satisfies i), ii), and iii) of Proposition 2.1
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Proof. By the definition of EI (see (3.3)) and the disjointness of the

















For each N fixed, the sets 2−jIN , j ∈ Z are disjoint; thus
∑
j∈Z
χ2−jIN (ξ) = χ∪j∈Z2−jIN (ξ) = χ[IN ](ξ) .







χ[IN ](ξ) = χ[EI ] ≤ 1 ,
by (3.5). This shows i) of Proposition 2.1.
The set EI is contained in (−ε, ε) ⊂ (−π, π), so that ii) of Proposition
2.1 is immediate. It remains to prove τK(EI) ⊂ [EI ], where K = supp ψ̂ for
























[IN ] = [EI ] .
Lemma 3.1 and Proposition 2.1 provide us with a way of constructing
Tight Frame Wavelets starting from a Tight Frame Wavelet ψ and a measur-
able subset I contained in Jε0 . If we start with the Shannon wavelet, that is
ψ is given by ψ̂ = χS where S = (−2π,−π)∩ (π, 2π), we obtain several Tight
Frame Wavelets.
Corollary 3.2. Let I ⊂ Jε0 measurable, K = S, and EI defined in (3.3).
Then SI = (S \ [EI ])∪EI is a Tight Frame Set, that is (χSI )̌ is a Tight Frame
Wavelet.
Proof. By definition 2.3 with ψ = (χS )̌ we obtain
ψ̂EI (ξ) =
{
1 if ξ ∈ S \ [EI ]
χEI (ξ) if ξ ∈ [EI ]
Thus, ψ̂EI = χSI . Apply Lemma 3.1 and Proposition 2.1.
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4. Connectivity of the set Kτ
The construction presented in Section 3 together with the results of Sec-
tion 2 are applied to show that the set Kτ (see definition below) is pathwise
connected.
Definition 4.1. The set Kτ is the set of all ψ ∈ TFW such that there





|n| |K ∩ (2nπ + (−ε, ε))| <∞.
Recall that the function ψε given by ψ̂ε = χJε0 , where J
ε
0 = (−ε, ε2 ]∪[ ε2 , ε),
is a TFW.
Theorem 4.2. Let ψ ∈ Kτ and ε ∈ (0, π] associated with ψ by Definition
4.1 . Then, there is a path {ψt : 0 ≤ t ≤ 1} ⊂ Kτ continuous in the L2(R)-
metric and such that ψ0 = ψ and ψ1 = ψ
ε. Moreover, for all t ∈ [0, 1],
supp ψ̂t ⊂ K ∪ (−ε, ε), where K = supp ψ̂.

















Define Et = EI(t) where EI(t) is defined as in (3.3) starting with I = I(t).
We then set ψt = ψEt as in definition 2.3, that is
ψ̂t(ξ) =
{
ψ̂(ξ) if ξ ∈ R \ [Et]
χEt(ξ) if ξ ∈ [Et]
We claim that the family {ψt : t ∈ [0, 1]} has the properties stated in this
theorem. From Lemma 3.1 and Proposition 2.1 we know that each ψt is
a TFW; moreover, the support of ψ̂t is contained in (supp ψ̂) ∪ (−ε, ε) =
K ∪ (−ε, ε), so that ψt ∈ Kτ for all t ∈ [0, 1].
Clearly E0 = I(0) = ∅ a.e. and E1 = I(1) = Jε0 . Therefore, ψ0 = ψ
and ψ1 = ψ
ε in L2(R), since [Jε0 ] = R. Thus, we only need to check the
continuity of the path. This result follows if we show i) and ii) of Proposition
2.2 assuming we start with ψ ∈ Kτ . To do this we need the following Lemmas.
Lemma 4.3. Let A ⊂ (−ε, ε), 0 < ε ≤ π. Then, there exists C > 0 such
that




|n| |K ∩ (2nπ +A)| .










[K ∩ (2nπ +A)] .
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Notice that if B ⊂ Jε−l, then |B̃| = |[B]∩Jε0 | = 2−l|B|. Now, for |n| ≥ 1, using
that A ⊂ (−ε, ε) we have 2nπ+A ⊂ Jε−l∪Jε−l−1 for some integer l = l(n) ≥ 1,
with 2|n|π ∼ 2l(n)ε, that is 2−l(n) ∼ ε2|n|π . Hence, the previous observation
with B = K ∩ (2nπ +A) gives,
|[τK(A)] ∩ Jε0 | ≤
∑
|n|≥1









|n| |K ∩ (2nπ +A)|
Let us now prove that the hypotheses i) and ii) in Proposition 2.2 are
always satisfied in this setting.
Lemma 4.4. Let K ⊂ R be a measurable set such that (4.1) holds for
some ε > 0. Then, the map I −→ EI described before Lemma 3.1 (associated
with K via τK) satisfies
|EI4EI′ | −→ 0, and |ẼI4ẼI′ | −→ 0, as |I4I ′| −→ 0 ,
where I and I ′ are measurable subsets of Jε0 and for a set A ⊂ R we have
Ã = [A] ∩ Jε0 .
Proof. Since IN , I
′













|IN4I ′N | and |ẼI4ẼI′ | ≤
∞∑
N=0
2N |IN4I ′N |,




2N |IN4I ′N | → 0 as |I4I ′| → 0
Since 2N+1IN+1 is contained in J
ε
0 , the definition of IN+1 (see (3.2)) gives,





|n| |K ∩ (2nπ + IN )|,
(4.3)
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where the last inequality is due to Lemma 4.3. Using (A8), (A3), (A7), (A1),





























By Lemma 4.3 applied to IN4I ′N we deduce




















2l|Il4I ′l | .(4.4)
By condition (4.1) (notice that IN4I ′N ⊂ (−ε, ε)), induction on N , and an
application of the Lebesgue dominated convergence theorem we obtain from
(4.4) that
(4.5) 2N+1|IN+14I ′N+1| −→ 0 as |I4I ′| −→ 0, N = 0, 1, 2, . . .
Moreover, condition (4.1), again, and the Lebesgue dominated convergence
theorem imply that given η > 0, there exists M ≥ 0 such that if LM =⋃∞
l=M J
ε





|n| |K ∩ (2nπ + LM )| < η .
By (4.3) we get that for the M that satisfies (4.6) and for any initial pair of
intervals I and I ′ contained in Jε0 ,
∞∑
N=M
2N |IN4I ′N | ≤
∞∑
N=M





|n| |K ∩ (2nπ + LM )| < 2Cεη .
(4.7)
Combining (4.5) and (4.7) we obtain (4.2).
Notice that Proposition 2.2 and Lemma 4.4 applied to I = I(t) and I ′ =
I ′(t) allow as to finish the proof of Theorem 4.2, showing the connectivity
of the set Kτ .
Corollary 4.5. The set K of all ψ ∈ TFW such that K = supp ψ̂ has
finite measure is arcwise connected.
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Proof. Each element of the path ψt constructed in the proof of Theorem
4.2 belongs to K if ψ ∈ K since supp ψ̂t ⊂ (supp ψ̂) ∪ (−ε, ε). Thus, we only
need to prove that K ⊂ Kτ . To show this observe that the sets 2nπ + (−ε, ε)




|n| |K ∩ (2nπ + (−ε, ε))| ≤
∑
|n|≥1











≤ |K| <∞ .
5. Connectivity of the set Kd


























Definition 5.1. The set Kd is the set of all ψ ∈ TFW for which there
exists ε ∈ (0, π] such that | lim supn→∞Kεn| = 0 .




|K ∩ 2nJε0 |
2n
<∞









2m |K ∩ 2mJε0 |. Given η > 0, choose n0 large enough so that∑∞
m=n
1
2m |K ∩ 2mJε0 | < η for all n ≥ n0. Since Ln+1 ⊂ Ln and |Ln| < ∞
(Ln ⊂ Jε0 ) it follows that | lim supn→∞Kεn| = limn→∞ |Ln| = 0.
In this section we prove that the set Kd is arcwise connected. Observe
that the function ψε (0 < ε ≤ π) given by ψ̂ε = χJε0 belongs to Kd. We will
show that there is a continuous arc inside Kd joining any element ψ ∈ Kd with
ψε, where ε is the number associated to ψ ∈ Kd by Definition 5.1. We use the
same arc described at the beginning of the proof of Theorem 4.2. Therefore,
it is enough to show that i) and ii) of Proposition 2.2 hold assuming that
ψ ∈ Kd. To do this we need to introduce new notation and prove several
Lemmas.
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For a measurable set K define, for m = 0, 1, 2, 3, . . .





and Gm = K ∩ (−2m−1ε , 2m−1ε) ,
so that Hm ∪Gm = K with disjoint union.
Starting with I ⊂ Jε0 define I0(K) = I and IN (K), N ≥ 1 as in (3.2).
Also, if K = G ∪H with disjoint union, let







 ∩ JεN , N ≥ 1 ,
and







 ∩ JεN , N ≥ 1 .
Lemma 5.3. If K = G ∪ H with disjoint union, then for all N ≥ 1, we
have
IN (K) = I
∗
N (G) ∪ I∗N (H)
Proof. Since (A∪B)\C = (A\C)∪ (B \C) using (5.3), (5.4), and (A1)
in Appendix, we have






























= I∗N (G) ∪ I∗N (H) .
Lemma 5.4. i) For all m = 0, 1, 2, . . . , we have




2NI∗N (Hm) ⊂ [Hm] ∩ Jε0 .




2n (K ∩ 2nJε0 ). Then [Hm] ∩ Jε0 = Lm for all m =
0, 1, 2, . . . .
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Proof. i) By definition,





































⊂ [Hm] ∩ Jε0
ii) After writing the definition of Hm, use (A1) in Appendix and the
properties of the power set (both twice) to obtain



























(2−nK) ∩ Jε0 = Lm .






2N(IN (K)4I ′N (K))
∣∣∣∣∣ ,
ii)




2N (IN (K)4I ′N (K))
∣∣∣∣∣ .
Proof. The first one is clear by definition (see the first line in the proof
of Lemma 4.4). We need to prove ii). From the definition of EI we deduce




(IN (K)4I ′N (K)) .
For N = 0, 1, 2, · · · write AN (K) = IN (K) \ I ′N (K) and BN (K) = I ′N (K) \
IN (K). Then
(5.6) IN (K)4I ′N (K) = AN (K) ∪ BN (K)
For N1, N2 ∈ N with N1 6= N2, we have [IN1(K)] ∩ [IN2(K)] = ∅, which
implies [AN1(K)]∩ [AN2(K)] = ∅. Thus, for all j1, j2 ∈ Z, the sets 2j1AN1(K)
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and 2j2AN2(K) are disjoint if N1 6= N2; similarly for the sets 2jBN (K), N =




NAN (K) and B(K) =
⋃∞
N=0 2
NBN (K). Then, by









































































2N (IN (K)4I ′N (K)) ,
we deduce




2N(IN (K)4I ′N (K))
∣∣∣∣∣
which is what we wanted to prove.
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Lemma 5.6. Let ε > 0 and A ⊂ R \ (−ε, ε) be a measurable set. Then
|[A] ∩ JεN | ≤
|A|
2N+1
N = 0, 1, 2, . . . .
Proof. We have, A =
⋃∞
j=N+1A ∩ 2jJεN with disjoint union. Let Cj =
A ∩ 2jJεN , j = N + 1, . . . ,∞. By (A1) in Appendix,
[A] ∩ JεN =
∞⋃
j=N+1
[Cj ] ∩ JεN .
Also, for j = N + 1, . . . ,∞, since Cj ⊂ 2jJεN ,
[Cj ] ∩ JεN =
∞⋃
l=−∞
(2lCj) ∩ JεN = 2−jCj .
Hence,
|[A] ∩ JεN | ≤
∞∑
j=N+1













j=N+1 Cj with disjoint union, we deduce |[A] ∩ JεN | ≤ 12N+1 |A|,
as wanted.
Lemma 5.7. Let G ⊂ K be two measurable subsets of R. For any mea-




|τG(IN (K))|, N = 0, 1, 2, . . .
Proof. By definition (5.3) we have
I∗N+1(G) ⊂ [τG(IN (K))] ∩ JεN+1 .
Since τG(IN (K)) ∩ (−ε, ε) = ∅ we use Lemma 5.6 to conclude




Lemma 5.8. Let G ⊂ K be two measurable subsets of R. For any pair of




|τG(IN (K)4I ′N (K))|+
N∑
j=0
2j |Ij(K)4I ′j(K)| .
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Proof. Let EN =
⋃N






j . Using properties
(A8), (A3), and (A7) from Appendix we obtain:
I∗N+1(G)4I ′∗N+1(G) = {([τG(IN (K))] \ [EN ])4([τK(I ′N (K))] \ [E′N ])} ∩ JεN+1
⊂ {([τG(IN (K))]4[τG(I ′N (K))]) ∪ ([EN ]4[E′N ])} ∩ JεN+1
⊂ {[τG(IN (K))4τG(I ′N (K))] ∪ [EN4E′N ]} ∩ JεN+1
⊂ {[τG(IN (K)4I ′N (K))] ∪ [EN4E′N ]} ∩ JεN+1 .
Since {τG(IN (K)4I ′N (K))} ∩ (−ε, ε) = ∅, by Lemma 5.6 we deduce
∣∣[τG(IN (K)4I ′N (K))] ∩ JεN+1


































which is the desired result.
Lemma 5.9. Suppose that ψ ∈ Kd and K = supp ψ̂.
i) For all N = 0, 1, 2, 3, . . . , we have |IN (K)4I ′N (K)| → 0 as |I4I ′| → 0.
ii) For all N = 1, 2, 3, . . . and all m ∈ Z+ we have
2N |I∗N (Gm)4I
′∗
N (Gm)| → 0 as |I4I ′| → 0.










Thus, since ψ ∈ Kd, given η > 0 there exists m0 ∈ N such that |Lm0 | < η4 .
Hence,
|I∗N+1(Hm0)| ≤ |Lm| <
η
4
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2j |Ij(K)4I ′j(K)| .
(5.10)
We prove i) and ii) by induction on N . The case N = 0 of i) is clear
since I0(K) = I and I
′
0(K) = I
′. The case N = 1 of ii) follows from the case





(I4I ′ + 2nπ) ∩Gm
∣∣∣∣∣∣
Since Gm is a bounded set, the above union has only a finite number of terms,
say M(m). Thus |τGm(I4I ′)| ≤M(m)|I4I ′| → 0 as |I4I ′| → 0.
Assume that i) and ii) hold for j = 0, 1, 2, 3, . . . , N . Since Gm is bounded
an argument as above shows
1
2
|τGm(IN (K)4I ′N (K))| → 0 as |I4I ′| → 0 ,
since we are assuming |IN (K)4I ′N (K)| → 0. Thus, from (5.10) we deduce ii)
for j = N + 1. From (5.9) we deduce i) for j = N + 1.




2N(IN (K)4I ′N (K))
∣∣∣∣∣→ 0 as |I4I
′| → 0 .
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Proof. From Lemma 5.3, (A9) in Appendix, and Lemma 5.4 we deduce
for m = 1, 2, 3, . . .
∞⋃
N=0
2N (IN (K)4I ′N (K))





(I∗N (Gm) ∪ I∗N (Hm))4(I
′∗




⊂ (I4I ′) ∪
∞⋃
N=1

















(Notice that Lm does not depend on I .) Hence,∣∣∣∣∣
∞⋃
N=0




















2N |I ′∗N (Gm)|+ |Lm| .
(5.11)
Given η > 0, choose m0 ∈ N such that |Lm| < η8 for all m ≥ m0. By Lemma
5.7 applied to G = Gm we have, if m ≥ m0,
∞∑
N=M+1

























and similarly for I
′∗
N . Since Gm is a bounded set, the union that appears in
the definition of τGm
(
− ε2M , ε2M
)




− ε2M , ε2M
)∣∣ ≤ K(m)
∣∣(− ε2M , ε2M
)∣∣ → 0 as M → ∞. Choose M
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The desired result follows by using ii) of Lemma 5.9.
Theorem 5.11. The set Kd given in Definition 5.1 is arcwise connected.
Proof. Consider the same path as the one in the proof of Theorem 4.2.
By Proposition 2.2 all we need to prove is
|EI4EI′ | → 0 as |I4I ′| → 0 and |ẼI4ẼI′ | → 0 as |I4I ′| → 0 .
This follows from Lemma 5.5 and Lemma 5.10 applied to I = I(t) and I ′ =
I ′(t).
Final Remark. After the work in this paper was completed, we real-
ized of a more general condition under which the arguments on connectivity
presented here still hold. The condition reads as follows:
Given a bounded TF-set J0, a measurable set K and a measurable subset
I of the negative powers of J0, we define
L(I) = [τK(I)] ∩ J0 .
We say that K is J0-admissible if the map I → L(I) is continuous in measure
in the sense that given ε, there exists δ so that “|I | ≤ δ ⇒ |L(I)| < ε”.
With this assumption one proves that any TFW with spectrum in K can
be continuously connected with the one with spectrum in J0.
It is easy to see that both, condition Kτ and condition Kd given in this
paper, imply the previous one. Also, there is a stronger condition of uni-
form admissibility which ensures that all the intermediate TFW’s of the arc
may have spectrum in the union of K and J0. The details will appear in a
forthcoming paper.
6. Appendix
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(A2) [A] \ [B] ⊂ [A \B]
Proof. If ξ ∈ [A] \ [B], there exist a ∈ A and m ∈ Z such that
ξ = 2ma. Clearly, a /∈ B, otherwise ξ ∈ [B]. Hence, a ∈ A \ B and
ξ = 2ma ∈ [A \B].
Note. The inclusion is strict. For A = Jε0 ∪ Jε1 and B = Jε1
we have [A] = R and [B] = R, so that [A] \ [B] = ∅. Moreover,
[A \B] = [Jε0 ] = R.
(A3) [A]4[B] ⊂ [A4B]
Proof. Since [A]4[B] = ([A] \ [B]) ∪ ([B] \ [A]), using (A.2) and
then (A.1) we obtain [A]4[B] ⊂ [A \B] ∪ [B \A] = [A4B].
(A4) [A ∩ B] ⊂ [A] ∩ [B]
Proof. If ξ ∈ [A∩B], there exist m ∈ Z and η ∈ A∩B such that
ξ = 2mη. Since η ∈ A and η ∈ B, ξ ∈ [A] and ξ ∈ [B].
Note. The inclusion is strict. For A = Jε0 and B = J
ε
1 we have
[A ∩ B] = [∅] = ∅, but [A] ∩ [B] = R ∩ R = R.
(A5) τK(A) \ τK(B) ⊂ τK(A \B)
Proof. If ξ ∈ τK(A) \ τK(B), there exist k ∈ Z \ {0} and η ∈ A
such that ξ = 2kπ + η ∈ K. Clearly, η /∈ B, otherwise ξ ∈ τK(B).
Hence η ∈ A \B and ξ = 2kπ + η ∈ τK(A \B).
(A6) If AN ⊂ R, N = 1, 2, 3, . . . , then
⋃∞
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(A7) τK(A)4τK(B) ⊂ τK(A4B)
Proof. Follows from (A5) and (A6):
τK(A)4τK(B) = (τK(A) \ τK(B)) ∪ (τK(B) \ τK(A))
⊂ τK(A \B) ∪ τK(B \A)
= τK ((A \B) ∪ (B \A))
= τK(A4B)
(A8) (A \A1)4(B \B1) ⊂ (A4B) ∪ (A14B1)
Proof.
(A \A1)4(B \B1)
= {(A ∩Ac1) ∩ (B ∩ Bc1)c} ∪ {(B ∩ Bc1) ∩ (A ∩Ac1)c}
= {(A ∩Ac1) ∩ (Bc ∪ B1)} ∪ {(B ∩ Bc1) ∩ (Ac ∪A1)}
= (A ∩ Ac1 ∩ Bc) ∪ (A ∩ Ac1 ∩ B1) ∪ (B ∩ Bc1 ∩ Ac) ∪ (B ∩ Bc1 ∩ A1)
= ((A \B) ∩ Ac1) ∪ ((B \A) ∩ Bc1) ∪ ((B1 \A1) ∩ A) ∪ ((A1 \B1) ∩ B)
⊂ (A \B) ∪ (B \A) ∪ (B1 \A1) ∪ (A1 \B1)









⊂ ⋃j∈Z(Aj4Bj). In particular
(A1 ∪ A2)4(B1 ∪ B2) ⊂ (A14B1) ∪ (A24B2)
























. In the first case, x ∈ Aj0
for some j0 ∈ Z, but x /∈ Bj for all j ∈ Z. Then, x ∈ Aj0 \ Bj0 , and
consequently x ∈ ⋃j∈Z(Aj4Bj). The proof is similar in the second
case.
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